Finite difference method

Principle: derivatives in the partial differential equation are approximated

by linear combinations of function values at the grid points
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Approximation of first-order derivatives

Geometric interpretation
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Analysis of truncation errors

Accuracy of finite difference approximations
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Leading truncation error
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Approximation of second-order derivatives

Central difference scheme
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Alternative derivation
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Approximation of mixed derivatives
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One-sided finite differences
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Polynomial fitting
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Analysis of the truncation error
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Application to second-order derivatives
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High-order approximations
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Pros and cons of high-order difference schemes
© more grid points, fill-in, considerable overhead cost

high resolution, reasonable accuracy on coarse grids

Criterion: total computational cost to achieve a prescribed accuracy




Example: 1D Poisson equation

Boundary value problem
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Result: the original PDE is replaced by a linear system for nodal values




Example: 1D Poisson equation

Linear system for the central difference scheme
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The matrix A is tridiagonal and symmetric positive definite = invertible.




Other types of boundary conditions

Dirichlet-Neumann BC w(0) = 9%(1) =0
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The matrix A remains tridiagonal and symmetric positive definite.




Other types of boundary conditions

Non-homogeneous Dirichlet BC u(0) = go only F' changes
2u1 — ug 90 :
Up = ¢go = (A—x)2 = f1 + L first equation
Non-homogeneous Neumann BC g—g(l) =g only F' changes

UN+1 —UN-1

=01 = UN4+1=un_1+2Azg

2AT
_UN-—1 — 2uN + UNH+1 _ g . —uN_1+uN:1f L9
(Az)? N (Az)? 2N T Aw
Non-homogeneous Robin BC %(1) + au(l) = go A and F' change

UN4+1 —UN-1

+auy =g = ung1 =un—_1 — 2Azauy + 2Axgsy

2Ax
_UN—1 — 2uN +UNH1 _ —un_1+ (1 + aAx)uy _ lf L 92
(Az)? N (Az)? 2/ N T Aw




Example: 2D Poisson equation
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Example: 2D Poisson equation

Linear system
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node numbering

[ B -1
-1 B
A=
!
1
J = .

Ac R(N_1)2X(N_1)2 ’U,,F c R(N_1)2

u = [U1,1 .. UN—-1,1 UL12..-UN—-12 U1 3--. UN—1,N—1]T
F=[fi1...fn-11 fi2-- - fn-12 fiz-- - [n—1n-1)T

—1I

—I B -1

I B

[ 4 —1

—1

conds(A) =

4 —1

7 The matrix A is sparse, block-tridiagonal

(for the above numbering) and SPD.

Caution: convergence of iterative solvers deteriorates as the mesh is refined




Treatment of complex geometries

2D Poisson equation
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Neumann and Robin BC are even more difficult to implement




Grid transformations

Purpose: to provide a simple treatment of curvilinear boundaries
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The original PDE must be rewritten in terms of (£, 7) instead of (x,y) and
discretized in the computational domain rather than the physical one.
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PDE transformations for a direct mapping

Direct mapping £ =¢E&(x,y), n=n(z,y)
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Example: 2D Poisson equation —Au=f turns into
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The metrics need to be determined (approximated by finite differences)




PDE transformations for an inverse mapping
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where J = ggz; is the Jacobian which can be inverted using Cramer’s rule

Derivative transformations
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Direct versus inverse mapping

Total differentials for both coordinate systems
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Relationship between the direct and inverse metrics
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